
 American Journal of Advanced Scientific Research (AJASR) 
ISSN: 2195-1381 

Vol. 2 Issue 10, February– 2025, Pages: 137-139 

 

 
www.ijarer.org  

137 

The Set Of Irrational Numbers: A Key Component Of The Real 

Number System 

Rahimova Barnogul Oqboyevna 

1st Academic lyceum under TSUE mathematics teacher 

barnoguloqboyevna2210@gmail.com  

Abstract: This article examines the set of irrational numbers, a critical component of the real number 

system characterized by numbers that cannot be expressed as fractions of integers. Represented as \( 

\mathbb{R} \setminus \mathbb{Q} \), irrational numbers include notable examples such as \(\pi\) and 

\(\sqrt{2}\). The paper explores the defining properties of irrational numbers, including their non-terminating, 

non-repeating decimal expansions, their density on the real number line, and their uncountable infinity. 

Historical developments, from the Pythagoreans' discovery of irrational numbers to modern mathematical 

advancements, are discussed. The article also highlights the importance of irrational numbers in various 

mathematical and scientific fields, including geometry, calculus, and physics. By examining their theoretical 

and practical implications, the article underscores the fundamental role of irrational numbers in understanding 

and applying the real number system. 
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INTRODUCTION 

The concept of irrational numbers has fascinated 

mathematicians for centuries. Irrational numbers 

are real numbers that cannot be expressed as the 

ratio of two integers. In other words, they are non-

repeating, non-terminating decimals that do not fit 

neatly into the set of rational numbers. The 

discovery of irrational numbers challenged early 

Greek mathematicians, who initially believed all 

quantities could be expressed as ratios of whole 

numbers. This set of numbers is crucial to our 

understanding of the real number line and forms an 

essential part of modern mathematics. 

Defining Irrational Numbers: 

An irrational number, by definition, cannot be 

written as a fraction \(\frac{a}{b}\), where \(a\) and 

\(b\) are integers and \(b \neq 0\). Irrational numbers 

are non-repeating, non-terminating decimals, 

meaning their decimal expansions go on forever 

without forming any predictable pattern. Some of 

the most well-known examples of irrational 

numbers include: 

- \(\pi\) (Pi), approximately equal to 3.14159…, 

which represents the ratio of a circle's 

circumference to its diameter. 

- \(\sqrt{2}\), approximately 1.414…, which is the 

length of the diagonal of a square with side length 

1. 

- Euler’s number \(e\), approximately 2.718…, 

which arises in many areas of calculus and 

mathematical analysis. 

Mathematically, the set of irrational numbers is 

denoted as \( \mathbb{R} \setminus \mathbb{Q} \), 

which means "the set of all real numbers except the 

set of rational numbers." 

History of Irrational Numbers 

The discovery of irrational numbers dates back to 

ancient Greece, where it posed a significant 

philosophical challenge. The Pythagoreans, a group 
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of mathematicians who believed that all numbers 

could be expressed as fractions of whole numbers, 

were confronted with the discovery that the square 

root of 2 could not be written as a ratio of two 

integers. This realization came from the famous 

geometric problem of finding the length of the 

diagonal of a square with unit side length. The 

length of the diagonal is \( \sqrt{2} \), a number that 

could not be expressed as a fraction, making it an 

irrational number. 

The Greeks initially resisted the idea of irrational 

numbers, but over time, their existence became 

widely accepted and incorporated into the broader 

number system. In the 17th century, 

mathematicians such as John Napier and Isaac 

Newton further explored irrational numbers, 

particularly in the context of logarithms and 

calculus. 

Properties of Irrational Numbers: 

1. Non-Terminating, Non-Repeating Decimals: 

Irrational numbers are characterized by decimal 

expansions that never terminate or repeat. For 

example, the number \(\pi\) has been calculated to 

billions of digits, and no pattern has been found in 

its decimal expansion. 

2. Dense in the Real Number Line: One of the most 

important properties of irrational numbers is their 

density on the real number line. Between any two 

real numbers, no matter how close, there is always 

at least one irrational number. This density property 

is shared with rational numbers, making both sets 

interspersed throughout the real number line. 

3. Uncountably Infinite: The set of irrational 

numbers is uncountably infinite, which means there 

are more irrational numbers than rational numbers. 

The set of rational numbers is countably infinite 

(like the set of natural numbers), but the set of 

irrational numbers cannot be paired one-to-one with 

the set of natural numbers. 

4. Closure Properties: Irrational numbers do not 

have closure under basic arithmetic operations: 

   - The sum of two irrational numbers can be either 

rational or irrational. For example, \( \pi - \pi = 0 \), 

a rational number, but \( \pi + \sqrt{2} \) is 

irrational. 

   - The product of two irrational numbers may also 

be rational or irrational. For example, \( \pi \times 0 

= 0 \) (rational), but \( \pi \times \sqrt{2} \) is 

irrational. 

 Examples of Irrational Numbers 

- Algebraic Irrational Numbers: These are solutions 

to polynomial equations with integer coefficients. 

For example, \( \sqrt{2} \) is the solution to the 

equation \( x^2 - 2 = 0 \), making it an algebraic 

irrational number. 

- Transcendental Irrational Numbers: These are 

numbers that are not solutions to any polynomial 

equation with integer coefficients. Famous 

examples include \(\pi\) and \(e\). The German 

mathematician Ferdinand von Lindemann proved 

in 1882 that \(\pi\) is transcendental, which also 

confirmed that squaring the circle is impossible. 

Applications of Irrational Numbers: 

Irrational numbers have wide applications in both 

pure and applied mathematics. Some of their 

significant applications include: 

1. Geometry: The irrational number \(\pi\) is 

fundamental in geometry, particularly in 

calculations involving circles, spheres, and ellipses. 

Similarly, irrational square roots are key in 

calculating distances and angles in Euclidean space. 

2. Calculus and Analysis: The number \(e\), the 

base of the natural logarithm, is central in calculus. 

It appears in exponential growth models, compound 

interest calculations, and in solving differential 

equations. 

3. Physics: Irrational numbers are critical in various 

areas of physics. For example, \( \pi \) appears in 

formulas for wave mechanics, electromagnetism, 

and general relativity. Moreover, irrational 

numbers are essential in describing periodic 

motions, such as the frequency of oscillations. 
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4. Fractals and Chaos Theory: Irrational numbers 

often appear in the study of fractals and chaotic 

systems, where their non-repeating nature mirrors 

the complexity and unpredictability of these 

mathematical phenomena. 

Irrational Numbers and Their Role in the Real 

Number Line 

The real number line, \(\mathbb{R}\), is composed 

of both rational and irrational numbers. Together, 

they form a complete and continuous system of 

numbers. The completeness of the real number line 

means that every point on the line corresponds to a 

real number, either rational or irrational. This idea 

is crucial in calculus, where the real number line is 

used to define limits, continuity, and integration. 

Conclusion: 

Irrational numbers are an essential part of the real 

number system, bridging the gap between rational 

numbers and the more complex number systems 

like complex numbers. Their properties, such as 

non-terminating decimals and density on the 

number line, make them critical to various 

mathematical theories and applications. From the 

ancient Greeks' discovery of \(\sqrt{2}\) to the 

modern applications of \(\pi\) and \(e\), irrational 

numbers continue to be a rich area of exploration in 

both theoretical and applied mathematics. 
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